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Fermat conjectured  that all numbers of the form 2^(2^N) + 1 were prime. It’s one of the few times that Fermat was wrong. Although these numbers are prime for 0,1,2,3,and 4, no prime has been found for N greater than 4, and, of course, a lot of work has been done in finding factors of these Fermat numbers [1].

Just to check up on Fermat’s intuition, I have searched for primes of the form b^(2^N) + 1 where the base, b, is other than 2. In a certain sense, these might be considered one of the simplest types of primes since b^x + 1 can only be prime if x is a power of 2, and it is very easy to prove primality. Of course, b must be even.

I have made two tabulations –for each N I have compiled a list of the smallest b’s that produce a prime (see Table 1) and I have also searched specifically for titanic primes of this form (primes of greater than 1000 digits) (see Table 2). I am cleverly calling these numbers “generalized Fermat primes,” a name I am sure somebody has already appropriated.

Table 1. Smallest Base Values Yielding Generalized Fermat Primes

N
2N
Base b for P = b^(2^N) + 1


0
1
2, 3, 6, 10, 12, 16,18, 22,….


1
2
2, 4, 6, 10, 14, 16, 20, 24,….


2
4
2, 4, 6, 16, 20, 24, 28, 34,….


3
8
2, 4, 118, 132, 140, 152, 208, 240,….


4
16
2, 44, 74, 76, 94, 156, 158, 176,…


5
32
30, 54, 96, 112, 114, 132, 156, 332,…


6
64
102, 163, 274, 300, 412, 562, 592, 728, 1084,….


7
128
120, 190, 234, 506, 532, 548, 960, 1738,….


8
256
278, 614, 892, 898, 1348, 1494, 1574, 1938


9
512
46, 1036, 1318, 1342, 2472 
(Tested up to 2728)

10
1024
824
(Tested up to 986)

11
2048
150
(Tested up to 958)

12
4096
None found
(Tested up to 58)

Table 2. Generalized Fermat Titanic Primes (Greater than 1000 Digits)

P = b^(2^N) + 1
N
2^N
B
Digits

8
256
10892
1034

8
256
12206
1047

8
256
13220
1056

8
256
13222
1056

8
256
13246
1056

8
256
13370
1057

8
256
13738
1060

8
256
14114
1063

8
256
14930
1069

9
512
1036
1544

9
512
1318
1598

9
512
1342
1602

9
512
2472
1738

9
512
10086
2050

9
512
10448
2058

9
512
10926
2068

9
512
31268
2302

10
1024
824
2986

11
2048
150
4457

10
1024
100964
5126

10
1024
101682
5128

I used my specially augmented home computer for this search [2].  Approximately 200 hours of computer time was consumed – most of it spent in looking for titanic primes.

It appears that the generalized Fermat primes with N = 6 and 7 are about four times m9ore numerous than primes in general. This is probably related to the fact that all factors of b^2^N +1 must be of the form K.2^N^+1 +1. A rigorous estimation of the density of these generalized Fermat primes would be appreciated.
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